Fock space multi-reference coupled cluster (FSMRCC) linear response approach is used to calculate first static hyperpolarizability of the few low lying excited states of lithium aluminum hydride ( LiAlH4) to predict its excited state nonlinear optical activity. It is observed that though lithium aluminum hydride does not show strong nonlinear optical activity at its ground state, it is highly active in its low-lying excited states. Using this property of LiAlH4, a new technique is described to generate mixed frequency laser which is a laser of new kind, reported here for the first time. This also helps to generate a laser with shorter pulse duration compare to the laser pulse duration used as incident radiation. Third order energy response properties of excited states of a closed shell molecule in analytical FSMRCC approach are also reported here for the first time.
I. INTRODUCTION
With the historical invention of nonlinear optics by P. A. Franken [1] a new field of research in science and engineering is developed. Bloembergen and his group did the theoretical foundations of nonlinear optics.
[2] So far, different classes of material, like nano-clusters [3] , metal-quantum-dots [4] , etc. are discovered which shows nonlinear activity at the ground state. There is no report in the literature about nonlinear optical activity of any material in its excited states. This is due to different theoretical and experimental reasons. To study nonlinear optical properties at the excited state of any system theoretically, we need very good theoretical tool to measure excited state hyper polarizability which was still underdeveloped. On the other hand, experimental determination of nonlinear optical properties of excited states often eclipsed by its ground state nonlinear properties. Thus, if a system is inactive in its ground state and active in its excited state then only we can do experiments to study its nonlinear optical activity in excited states comprehensively. Not only that, for such system we can modulate second harmonic generation (SHG) in two different ways; by regulating the coherent light source and by regulating the frequency of laser pulse which may be used * Electronic address: bagarijit@gmail.com for excitation of the system to its specific excited state. If frequency of two light source i. e. source used for SHG and source used for excitation are very close or become equal, we may have a new kind of optical phenomenon of a system which is still unknown to us. Thus, development of very good theoretical tool to calculate excited state hyper-polarizability of a system is very much needed. Search for a material which has no effective nonlinear optical properties of the ground state, but has very good nonlinear optical properties in any of its low-lying excited states may advance our technology to another level. But, finding out such material is a big task.
In very recent years, Fock-space Multi-reference Coupled Cluster (FSMRCC) method based on Constrained Variational Approach (CVA) [5] [6] [7] [8] is proving very good to calculate excited state properties of small molecules. Calculation of the dipole moment and polarizability at excited states of closed shell molecules using CVA-FSMRCC method is initiated by Pal and co-workers [10] and implemented by Manohar et al. [11] and Bag et al. [5] [6] [7] [8] [9] Development of CVA-FSMRCC for the calculation of first static hyper-polarizability of closed shell molecules at low-lying excited states is studied by Bag [9] in his doctoral work along with Pal (Doctorate guide). We implement that method to calculate excited state hyperpolarizability of lithium aluminum hydride. We know that its ground state hyperpolarizability is very small. Thus, it is inactive to nonlinear optical response. On the other hand, Datta and Pati [12] reported that aluminum metal clusters like Al 4 M 4 (M = Li, N a, K) have very high value of hyperpolarizability at ground state due to the presence of metal-metal bonding in the form of Al − Li, Al − N a, Al − K etc. Thus, it is expected that, hyperpolarizability of lithium aluminum hydride at low lying excited states may be significantly high enough to get detectable nonlinear optical activity as there is metal-metal bonding in the form of Al − Li.
In electronic structure theory, coupled cluster (CC) methods are very efficient in taking care of the dynamical electron correlation effect. The efficacy of various single reference coupled cluster (SRCC) [13] [14] [15] [16] [17] method in explaining molecular properties of equilibrium and stretched geometries of molecules is well documented. Linear response properties like electric and magnetic dipole moment and static polarizability of closed shell molecules in the ground state using single reference coupled cluster (SRCC) method was initiated and implemented by Monkhorst. [13] He used Z-vector techniques. Very similar formalism was made by Jørgensen and Helgaker [17] in SRCC context using a different approach, mainly through the formation of the Lagrangian. There are some well established methods which are also applicable for molecular properties calculation for the ground state of closed shell molecules. Brook's [18] formalism opens the door for gradient calculation using Configuration Interaction (CI) wave function. [19] Schaefer and co-workers [20] also made significant contributions to the CI gradient calculation. Analytical Møller-Plesset second order (MP2) gradients were first implemented by Pople et al. [21] in 1979 and since then several groups [22] [23] [24] [25] have proposed modifying algorithms.
For open shell molecules, excited states, degenerate and near degenerate states single reference methods mentioned above fail completely. Single determinant descriptions are insufficient for such systems and hence multi-determinant descriptions are required. These are commonly known as multireference (MR) theories. So far, multi-reference CI [26, 27] , multi-reference MP2 [28, 29] , multireference CC (MRCC) [30] [31] [32] commonly known as multi-reference (MR) theories. So far, multireference CI [26, 27] , multi-reference MP2 [28, 29] , multi-reference CC (MRCC) [30] [31] [32] [33] [34] [35] theories have been developed by several groups.
Parallel to this, methods like equations-ofmotion coupled cluster (EOMCC), [36] [37] [38] [39] [40] [41] [42] symmetry adapted cluster configuration interaction (SAC-CI), [43, 44] etc. are also known to handle certain classes of quasi-degeneracy. Bartlett [37] and coworkers implemented EOMCC method for calculation of excitation energies of atoms and molecules. Stanton and Bartlett [39] used EOMCC method for excitation energies, transition probabilities and excited state properties. Nooijen and Bartlett [45] implemented it for electron attached systems. Similarity transformed EOMCC (STEOM-CC) method was developed by Nooijen and Bartlett [46] for ionized, electron attached and excited states. More recently, spin-flip EOMCC has been introduced by Krylov [47] for a description of excited states, bond breaking, diradicals and triradicals. EOMCC derivatives for properties calculation was initiated and implemented by Stanton [48] first and then by Stanton and Gauss [40, 49] . Gradients using STEOM-CC was implemented by Nooijen and coworkers [50] using a Lagrange undetermined multiplier, which is similar to the method followed in the present work.
However, obtaining energy derivatives in the context of MRCC [30] [31] [32] [33] [34] [35] methods were a challenge. There are two subclasses of MRCC methods, which have been studied extensively. One is the multi root description via effective Hamiltonian approach [51] and the other describes a specific root, known as the state-specific MRCC approach [52] . In the effective Hamiltonian multi root approach exact energies of the corresponding strongly interacting neardegenerate states are obtained as roots of the effective Hamiltonian via diagonalization. This class of methods is further subdivided into the Hilbert space and Fock space approach depending on the way the dynamical part of electron correlation is described [30-35, 51, 53-57] . The Hilbert space approach uses a state universal wave operator containing different cluster operators for each of the determinants in the model space [30] [31] [32] . The method has been used for studying PES, bond-dissociation, etc. However for PES, state selective MRCC method developed by Mukherjee and co-workers [52] has been found to be much more suitable in recent years from the point of view of circumventing the important problems of intruder states. The Fock-space (FS) MRCC, [30, 31, [33] [34] [35] [53] [54] [55] [56] [57] on the other hand, is found to be suitable for cases like ionization, electron-attachment and electronic excitation of molecules and is based on the concept of commonvacuum and a valence universal wave-operator. The model space is composed of near degenerate configurations obtained by combinations of electron occupancies amongst what are called active orbitals. The occupancies of the active orbitals are denoted in terms of number of active particles and active holes with respect to the vacuum.
The analytic linear response method in SRCC based on Monkhorst's approach [13] was initiated by Pal [58] long back. The computational developments and implementation of the method was done later by Ajitha et al. [59] [60] [61] for obtaining dipole moment of doublet radicals and low-lying excited states of molecules. However, the approach was quite unsatisfactory, since it required expensive evaluation of cluster amplitude derivatives for every mode of perturbations.
In SRCC context, the problem was solved by incorporation of Z-vector technique [62] or equivalently, the constrained variational approach (CVA) [63] , which was based on the method of Lagrange undetermined multipliers. The CVA method in FSM-RCC framework was studied by Szalay [64] , independently. However, this method is applicable for complete model spaces (CMS) only. Similar developments for both Fock and Hilbert space MRCC [65, 66] for ionic, electron attached and excited states was pursued by Pal and co-workers in recent years [65] . The CVA formulation of Shamasundar et al. [65] is applicable for a general incomplete model space (IMS) cases and simplifies to Szalay's formulation in the case of CMS. The single root method provides a cost-effective tool to obtain higher order energy derivatives with the knowledge of lower order cluster amplitude derivatives and a set of perturbation independent vectors, the Lagrange multipliers.
The computational developments of FSMRCC using CVA were recently done by Manohar et. al. [10, 11, 67, 68] using singles and doubles (SD) truncation of the wave operator and the method was then implemented for analytic dipole moments and polarizabilities of doublet radicals [5, 67] . Dipole moments and polarizabilities for excited states were also implemented by Manohar and Pal [68] and Bag and co-workers [6] very recently. Calculation of static hyper-polarizability at low lying excited states of closed shell molecules using CVA-FSMRCCSD is only reported in Ph. D. thesis of Bag. Thus, we report theoretical and computational details of this method again in the present article. We also study the accuracy and validity of the analytical code before its use to calculate hyper-polarizability of lithium aluminum hydride in few low lying excited states.
II. THEORETICAL BACK GROUND A. Non-linear optical properties
Non-linear optical properties are similar to linear processes and governed by Maxwell's laws of electromagnetism [69] as follows -
where, E(r, ω), B(r, ω) and P (r, ω) are electric fields, magnetic fields and electric polarization at frequency ω; c is velocity of light in vacuum; t is time and r is displacement. The wave equation for wave propagation of light through the media or material is as follows [70] -
Equation 5 is a general equation for optical propagation and valid for both linear and nonlinear optical activity. It is obvious from Equation 5 that electric polarization (i. e. P (r, ω)) must be non-zero for optical propagation through any material irrespective of its linearity. Electric polarization due to applied electric field is related to the field strength as follows -
where χ 1 (ω) is the linear susceptibility of the material. In conventional optics both polarizability and field strength in Equation 6 are of 1 st order. If we express both susceptibility and field strength in their higher order terms then we will get corrections to the induced polarizability and hence the nonlinear optical activity of a material which may be expressed as -
In Equation 7, χ 2 (ω) is second order nonlinear susceptibility i. e. hyperpolarizability of the material. In this process it is assumed that the incident frequency ω is equal to the sum of frequencies of two mixing fields ω 1 and ω 2 .
B. Linear response approach to CVA-FSMRCC
The constraint variational approach in FSMRCC frame-work for evaluation of response properties has been discussed in details in various articles [5, 6, 67, 68, 71] . In this article a brief description is given only for third order response properties.
First excited states of any closed shell system is a two valence problem which is generally defined as (1,1) sector of fock space. The universal wave operator for (1,1) sector of fock space is given as Ω = {e
Under singles and doubles (SD) approximation, the cluster amplitude T of every sector will contain only one-body and two-body operators. 
where,H
(1,1) eff includes contributions from all of the lower sector effective Hamiltonian in addition to the highest sector part. The diagonalization of the effective Hamiltonian yields the roots, which are the energies of the corresponding exact states. Due to normal ordering, sub-system embedding condition (SEC) holds and hence lower order cluster amplitudes decoupled from higher order cluster amplitudes. Thus evaluation of cluster amplitudes should starts from the lowest sector i.e. (0,0) sector.
Calculation of response properties using CVA-FSMRCCSD includes the formation of Lagrangian which brings a new parameter Λ , the Lagrange multiplier. CVA-FSMRCC formalism was done by Shamasundar et al. [71] . The general expressions for the first, second and third order derivatives for both one valence and two valence problem were given in appendix of reference [71] . For excited states there are an additional decoupling between singlet and triplet exists due to spin integration. This decoupling was discussed by Manohar and Pal [67] . The Lagrangian for first and second order response properties for excited states have also been presented by Manohar and Pal [67] and Bag et al. [6] . Thus in this article only the Lagrangian for third order response properties of two valence problem has been presented.
For triplet excited states expression for hyperpolarizability is as follows
for singlet states expression is
i,j C
(1,1)(1) jm
−6E
(1) m iC
(1,1)(1) mi
There are two types of cluster amplitudes as well as Lagrange multiplier ( Λ) for (1,1) sector of FSM-RCC. In one type, there are no mixing between hole lines with particle lines and hence termed as direct type, denoted by 'D' in the above equation which is same as type 'A' in figure-1 of reference [67] . Other type includes mixing between hole lines and particle lines and termed as exchange type, denoted by 'E' and same as type 'B' of reference mentioned above. For triplet excited states, only 'D' type cluster amplitudes and hence 'D' type Λ is required to be evaluated while for singlet excited states both types of cluster amplitudes and Λ to be evaluated.
III. IMPLEMENTATION DETAILS
For (1,1) sector problems, ground state is closed shell electronic configuration and hence RHF of these state is generally chosen as reference vacuum. As it is mentioned above, using SEC, cluster amplitudes were evaluated starting from (0,0) sector to the highest sector but Λ amplitudes were calculated exactly in the reverse order. To solve (1, 1) sector amplitudes, we first store (He T (0,0) ) c , which is called H. The closed part ofH, i.e.H cl is the ground state energy. The open parts ofH can further be classified into one body, two body, three body parts and so on. Under the singles and doubles (SD) approximation, only up to three body parts ofH contribute to T
(1,1) as well as to Λ (1,1) equations. According to (2n+1) rule for cluster amplitudes and (2n+2) rule for Λ amplitudes, derivatives of both these parameters were evaluated and used for calculation of third order response property. The Jacobi iterative procedure has been used for the calculation of Λ and Λ
(1) amplitudes as well as all Fock space cluster amplitudes. To test the analytic non-relaxed CVA-FSMRCC code, we have carried out finite field non-relaxed FSMRCC calculation. To perform this, we have introduced field perturbation after the SCF procedure. Thus, the orbitals used for different field values are same. Non-relaxed finite field hyperpolarizabilities were calculated as the third order energy derivatives using five points respectively in steps of ± 0.001au. To compare the results of our analytic non-relaxed CVA-FSMRCC values with relaxed finite field FSMRCC results, field perturbation was introduced at the SCF level. Relaxed finite field hyper-polarizabilities were calculated as finite differences of polarizabilities.
To study the excited state hyperpolarizability of lithium aluminum hydride we first optimize its ground state geometry in density functional approach [72] using GAUSSIAN 09 package. [73] Optimization to the minimum energy state, irrespective of its symmetry is confirmed by the harmonic vibrational frequency analysis having no imaginary mode. The convergence thresholds for energy optimization is set to 0.000015 Hartree/Bohr for the forces, 0.00006Å for the displacement and 10
6 Hartree for the energy change. This calculations is performed with unrestricted Beckes three parameter hybrid with exchange functional [74] and combined with exchange component of Perdew and Wangs 1991 functional [75] [76] [77] [78] abbreviated as B3PW91. Dunning correlation-consistent valence double zeta polarized basis (termed as cc-pVDZ) [79] is used for this calculation. Both ground state and excited state hyperpolarizability are calculated using this geometry. Hartree Fock level calculation is performed with GAMESS (version September 6, 2001 ). [80] Absorption spectra of lithium aluminum hydride is computed using time dependent density functional theory (TDDFT) [81] implemented in Gaussian 09 package. [73] TDDFT is a well known and frequently used first principle based method for the calculation of excitation energies within a density functional context. The reliability of this approach to get accurate predictions of excitation energies and oscillator strengths which are required to compute absorption spectra, is very well documented in Gaussian 09 package. Analytical gradients are used for this calculation. Our calculation is restricted only to the single canonical excitations from the fixed ground state geometry. Hence, excitation energies used to compute the absorption spectra is in fact is an adiabatic excitation. Excitation energy and excited state properties (hyperpolarizability) calculated using FSMRCC is also adiabatic excitation.
IV. RESULTS AND DISCUSSION

A. Validation of computational code
To test the correctness and validity of our computational code, we implement our code to calculate first static hyper polarizabilities of ozone (O 3 ), water (H 2 O) and carbon mono-hydride cation (CH + ). For ozone and water, we have presented hyper polarizabilities of few low lying excited states taking excited state geometry of the corresponding state. For CH + , ground state geometry is used. For O 3 molecule, hyperpolarizability along Z-axis (i. e. β zzz ) is presented. In this case Z-axis is the perpendicular axis to the molecular plane. For H 2 O and CH + , hyperpolarizability components along molecular axis (also mentioned as Z-axis) are presented because two other diagonal components of hyperpolarizability are very small (nearly zero).
Test of correctness of analytical code
We compare CVA-FSMRCC hyperpolarizability of CH + with non-relaxed finite field FSMRCC results to test the correctness of CVA-FSMRCC code. We calculate hyperpolarizability of both singlet and triplet excited states, formed by σ + → π transition, using two different basis sets; cc-pVDZ [79] and Sadlej [82] which is presented in Table I . The geometry has been used as reported by Olsen et. al. [83] . RHF of CH + has been chosen as vacuum. HOMO (σ + ) has been chosen as an active hole and two-fold degenerate LUMO (π) orbitals have been chosen as active particles. It is observed that in all cases CVA-FSMRCC results matches exactly up to first digit after decimal point with FF-FSMRCC results. This is quite satisfactory because we are bound to calculate finite field hyperpolarizability by using third order numerical derivative of energy. Thus, error in energy values at seventh decimal point will generate error in hyperpolarizability at second decimal point. This, in fact, shows the importance of analytical way to calculate higher order energy response properties. All results are in atomic units.
Test of basis set convergence
Basis set convergence study is a very good way to test the correctness of both theory and computational method in quantum chemistry. Thus, we do this study. CH + ion is used for this study. We calculate hyperpolarizability of both singlet and triplet excited states of this ion using two different sets of basis. One set of basis is started with double zeta (Dunning) and other set is started with triple zeta (Dunning) and then polarization functions (Pople polarization functions) are added in a systematic way up to 2p+1d for hydrogen and 2d+1f for carbon atom to reach the expansion limit. Calculated results are presented in Table II . It is observed that hyperpolarizability of both the states virtually converged after the addition of second polarization function. Hyperpolarizability decreases with increase of polarization functions except TZ basis sets of singlet state where with addition of polarization functions hyperpolarizability increases. The reason is unclear to us. But, from this study we may conclude that our method and computational code is viable. (H-2p,1d/C-2d,1f) 24.41 53.51
All results are in atomic units. All results are in atomic units.
Comparison with EOMCC method
It is known that, for one valence problem i. e. for 1 st ionization potential and electron affinity calculation of a closed system or ground state property calculation of an open system, FSMRCC and EOMCC are equivalent, though for core electron excitation FSMRCC is better than EOMCC. For higher valence systems such equivalence disappears. Still, the comparison between FSMRCC and EOMCC make sense because both these methods produces very good and reliable results and EOMCC method for calculation of excited state hyperpolarizability is well established. Ozone molecule is used for this study.
Ozone molecule is an appropriate example of strong multi-configurational nature. Low lying excited states of ozone molecule are energetically very close to each other. Thus, Calculation of excited state properties of ozone require high accuracy in non-dynamical electron correlation. We have chosen three low lying excited states of ozone which are termed as B 2 , B 1 and A 2 and dominated by electron transition of 1a 2 → 2b 1 (HOMO to LUMO), 6a 1 → 2b 1 (HOMO-1 to LUMO) and 4b 2 → 2b 1 (HOMO-2 to LUMO) to test the efficacy of CVA-FSMRCC method. We have used the optimized geometry [84] for the respective states for our calculation. DZP basis augmented with sp diffuse function was chosen for this calculation. We compare our results with EOMCC results which is presented in Table III . We observe that our results are very close to EOMCC results. After proper verification of validity of our CVA-FSMRCC code we implement it to calculate excited state hyperpolarizability of lithium aluminum hydride (LiAlH 4 ). Optimized geometry of LiAlH 4 is presented in Figure 1 . Its absorption spectra for few low lying excited states is presented in Figure 2 . It is observed that the lowest energy transition i. 
Study of relaxation effect
Ground state properties
Ground state polarizability (α zz ) and hyperpolarizability (β zzz ) of LiAlH 4 computed at different levels of theory are presented in Table V . We present Hartree Fock (HF), Coupled Cluster (CCSD) and Density Functional (DFT) [72] results. DFT calculation is performed with B3LYP functional [74] .
For all these calculation GAMESS package is used. We observed that polarizability values are nearly same for all three methods (maximum deviation is only 8.23%). Where as, hyperpolarizability value obtained from CCSD method is significantly higher than that of other two methods. Maximum deviation is 31.25%. This shows the importance of coupled cluster method. All results are in atomic units.
Excited states properties
Excited state hyperpolarizability of LiAlH 4 is presented in Table VI . Excited state considered here is for HOMO to LUMO transition. Since there is no report in the literature about excited state hyperpolarizability of this compound either experimental or theoretical, we can't compare our result. It is immaterial also because we want to know whether this compound has nonlinear optical activity at excited states or not and we found that its hyperpolarizability at excited states is very high. Thus, it is expected that it would show SHG at its excited state. We observe that hyperpolarizability of singlet excited state is 24410 au where for triplet state it is 4720 au. We also observed that energy gap between singlet and triplet is very small, only 3Kcal/mol. Thus, it is expected that we may have SHG only for a small time gap which may be less than the time interval of the pulse used for excitation. Thus, if we use a femto second laser, we may get a laser having pulse duration less than the femto second limit.
Generation of mixed frequency radiation by controlled SHG
Using lithium aluminum hydride we may generate a new kind of radiation where two different frequency radiations would be present in a periodic pattern. A schematic diagram of such a machine is presented in Figure 3 . Two incident radiations of 
